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In i t ia t ion  of t u r b e l e n c e  is a s s o c i a t e d  with  d i s t u r b a n c e s  of f in i te  in tens i ty  [1]. Some  a t t e m p t s ,  as  in [2], have  
been  m a d e  to t r e a t  this  r e g i o n  ana ly t i c a l l y .  The n o n u n i f o r m i t y  of the loca l  s t ab i l i ty*  of l a m i n a r  f l u id f low 
o v e r  the tube c r o s s  s ec t i on  has  been  e s t a b l i s h e d  e x p e r i m e n t a l l y  [3 ,4 ,  1]. On th is  f inding is b a s e d  the  
i n t e r p r e t a t i o n  of a n u m b e r  of tu rbu len t  t r a n s i t i o n  phenomena ,  inc luding a c h a r a c t e r i s t i c  s i n g u l a r i t y  of 
the r e l a t i o n s h i p  be tween  the  r e s i s t a n c e  c o e f f i c i e n t  of rough  tubes  and the Reynolds  n u m b e r  under  t r a n s i e n t  
condi t ions  [5]. 

E x p r e s s i o n  (1.1) in t roduced  as  a m e a s u r e  of s t ab i l i ty ,  and the  c r i t e r i o n  q ,  y i e ld  s a t i s f a c t o r y  quan t i t a t ive  
r e s u l t s .  

1. The d e g r e e  of loca l  s t ab i l i ty  of s t a t i o n a r y  l a m i n a r  f lu id  f low in c y l i n d r i c a l  (in the  wide sense)  tubes  wi l l  be  
c h a r a c t e r i z e d  by the s i m p l e x  

IdP/dz[ - -  2 q ( x , y )  (1.1) 

This simplex is analogous to the local Reynolds number introduced in [2] for plane-parallel flows, which is 
proportional to the transverse velocity gradient and inversely proportional to the viscosity. In (i.i), v, p, and p are 
the velocity, pressure, and density of the fluid, respectively; x and y are Cartesian coordinates in the tube cross 

section F; z is the coordinate along the tube axis. Simplex (i.i) constitutes the ratio of the energy variations of a fluid 
element for small displacements in the transverse and longitudinal directions, respectively. 

R e g a r d l e s s  of the d e g r e e  of s t ab i l i t y  of l a m i n a r  f low on the whole  o v e r  F ,  t h e r e  a lways  e x i s t s  a r e g i o n  of a r b i -  
t r a r y  s m a l l n e s s  of q. T h e r e f o r e  the onse t  of i n s t ab i l i t y  should be expec ted  fo r  f a i r l y  l a r g e  v a l u e s  of q.  In a c c o r d -  
ance  wi th  this ,  we a s s u m e  the e x i s t e n c e  of such  a n u m b e r  q .  that  q -< q .  o v e r  the e n t i r e  F is  the  s t ab i l i t y  cond i t ion  
f o r  the flow, whi le  the p r e s e n c e  in F of r e g i o n s  wi th  q > q .  is  the i n s t ab i l i t y  condi t ion,  i .e . ,  the  p o s s i b i l i t y  of in i t i a t ion  
of t u r b u l e n c e .  

We r e d u c e  (1.1) to d i m e n s i o n l e s s  f o r m .  F o r  P o i s e u i l l e  f low 

A x y  0 __ t dp 
I~ az - -  const ~ O, vlr  = 0 (1.2) 

w h e r e  # = pu is dynamic  v i s c o s i t y  and I '  is the con tour  of c r o s s  s ec t i on  F.  In t roduc ing  a d i m e n s i o n l e s s  v e l o c i t y  and 
d i m e n s i o n l e s s  c o o r d i n a t e s  (s is the hyd rau l i c  r ad ius  of the tube) 

p. ~ y 
u - -  l d p / d z l s  ~ V, ~ = y , ~l = ~- (1.3) 

( s i m i l a r l y ,  fo r  the r ad ius  v e c t o r  ~ = r / s  in a p o l a r  s y s t e m  of c o o r d i n a t e s  and fo r  any l i n e a r  coo rd ina t e  in an a r b i t r a r y  
sy s t em)  i we have  

A~u = --  t ,  u ] r~  = 0 (1.4) 

E x p r e s s i n g  q through d i m e n s i o n l e s s  v a r i a b l e s  and R = 2s(v}/v, w h e r e  the angle  b r a c k e t s  denote  a v e r a g i n g  o v e r  
F ,  we t r a n s f o r m  (1.1) to 

q = R ~ I v ~  I (1.5) 
<u> 

*Loca l  s t ab i l i t y  ( ins tab i l i ty )  is  a nega t ive  (pos i t ive)  r e s p o n s e  of the flow in a g iven  s m a l l  r e g i o n  to the in t roduced  
d i s t u r b a n c e s .  
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S i m p l e x  q is  p r o p o r t i o n a l  to  the  R e y n o l d s  n u m b e r  and  is equa l  to z e r o  a t  the  c o n t o u r  F and  a t  p o i n t s  ( o r  on 
l i n e s )  of e x t r e m u m s  a n d  a t  s t a t i o n a r y - v e l o c i t y  p o i n t s .  C o n s e q u e n t l y ,  a p o i n t  ( o r  l ine)  of m a x i m u m  i n s t a b i l i t y  in w h i c h  
sup{ul V ~ u ] }  t a k e s  p l a c e , w i l l  a l w a y s  l ie  b e y o n d  t h e i r  c i r c u m f e r e n c e .  

L a m i n a r  f low b e c o m e s  u n s t a b l e  a n d  s u s c e p t i b l e  to  t u r b u l i z a t i o n  w h e n  sup{q} = q , ,  w h e n c e  fo l lows  the  c r i t i c a l  
R e y n o l d s  n u m b e r  

t 2 ,  = q , / ,  / =-- <u> s u p ~  {u  I V~u {} (1.6) 

w h i c h  is equa l  to  t he  p r o d u c t  of q ,  and  a c e r t a i n  f u n c t i o n a l f { F }  of the  s h a p e  of the  c r o s s  s e c t i o n  (i .  e . ,  of F or  F,  
w i t h i n  s i m i l a r i t y  a c c u r a c y ) .  

In p r a c t i c e ,  t u r b u l i z a t i o n  of t he  f low o c c u r s  a t  R e y n o l d s  n u m b e r s  g r e a t e r  t h a n  R ,  ( de l ayed  l a m i n a r  f low 

c o n d i t i o n s ) ,  s i n c e  not  a l l  d i s t u r l : a a e e  t y p e s  a r e  p r e s e n t  in the  f low. 

2. Le t  u s  a s s e s s  the  i n f l u e n c e  of t he  s h a p e  of F on  R ,  and  d e t e r m i n e  t he  v a l u e  of q ,  by  c o m p a r i n g  t h e  
c o r r e s p o n d i n g  R ,  a n d f  r e l a t i o n s  fo r  s e v e r a l  c r o s s  s e c t i o n s :  

a) F o r  a t ube  of c i r c u l a r  c r o s s  s e c t i o n  (0 _< ~ _< 1) we h a v e  

u = 3/, (l -- ~), q = R ~(i -- ~), 1o = ~1~ ~3- (2.1) 

the  v a l u e  R~ ~ 2800 was  o b t a i n e d  e x p e r i m e n t a l l y  [6, 7]. 

b) F o r  a p l a n e  c h a n n e l  (]~1 -< 1 /2 )we  h a v e  

u : 1/s (1--4q2), q = a/:R~l (l--4"qz), ] = 21/'3 (2.2) 

F o r  t u b e s  of r e c t a n g u l a r  c r o s s  s e c t i o n  wi th  l a r g e  s i d e  r a t i o s  ( 1 0 4 : 1  and  1 6 5 : 1 ) ,  a v a l u e  of  R , ~ 2 8 0 0  w a s  o b -  
t a i n e d  e x p e r i m e n t a l l y  [6-8] .  

F o r  t ubes  a n d c h a n n e l s w i t h c r o s s  s e c t i o n s  m o r e  c o m p l e x  t h a n  a c i r c l e  o r  an  in f in i t e  s t r i p ,  c a l c u l a t i o n s  m u s t  b e  
m a d e  by  a n u m e r i c a l  m e t h o d .  

c) F o r  a tube  of s q u a r e  c r o s s  s e c t i o n  (1~1 -< 1, I~] -< 1), f was  o b t a i n e d  on a c o m p u t e r  by  the  n e t - p o i n t  m e t h o d  wi th  
a s t ep  e q u a l  to  1 / 6 4  of the  s i de  of a s q u a r e .  A va lue  o f f  ~ 2.103 was  o b t a i n e d .  

The va lue  R ,  ~ 2000 was  o b t a i n e d  e x p e r i m e n t a l l y  [9, 6]. 

d) F o r  a tube  of a n n u l a r  c r o s s  s e c t i o n ,  

k ~ • "% l (k  : r l  / r : ,  x = ( l  - -  k )~  : r / r 2, 

w h e r e  r 1, r 2, and  r a r e  the  r a d i u s  v e c t o r s  of the  w a l l s  a n d  the  r u n n i n g  r a d i u s  v e c t o r )  we have  [5-7] 

t - -  •  -}- • I n  x ~ t + k ~ - -  2 •  ~ i - -  x o  ~ l a  e / •  ~ 
u--  4(I--  k)~ <u>-- 8 ( l _ k )  ~ U m a x - -  4(l--k)~ (2.3) 

The quant i ty  34 2 = - (1 - k 2 ) / l n k  2 c o r r e s p o n d s  to the m a x i m u m  of u. S implex  (1.1) i s  equal  to 

R (t --  x" + xo ~ la • I ~o ~ --  • I q =  - ~ - - - X ~ ) ( I T X ~ - - ~  (2.4) 

w h e n c e  (F ig .  1) 

] = ( i  - -  k )  ( l  - ~  k 2 - -  2 u e  s) ( i  - -  z ~  ~- ~<o ~ In u s) (• ~ - -  • 

= ( t  - -  k)  ( l  § k~ - -  2 ~ o  ~) x o  ~ + • 
2 (:~o ~ -  • (2.5) 
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Here ~2 is the sma l l e r  of the two roots  n~(k) (k < ~i < ~0 < n2 < 1) (Fig.  2) of the equation 

2(Zo 2 - -  • = (Xo 2 + • i - -  zz  + zo~ln• ( 2 . 6 )  

F r o m  the corresponding  exper iments  [10-13] we Shall use th ree ,  in which turbul izat ion was observed  at 
R ~ 2000, 2700, and 2640 for  k ~ 0.186 [12], 0.514 and 0.639 [11], r e spec t ive ly .  

0.8 

0.6 

0.~ 

1 - -  

J 

o,~ o.~ 0.5 o.~ T 

Fig. 2 

A compar i son  of calculated values of  f i r  ~ with exper imenta l  values of R, /R~ is given in the table.  Within the 
exper imenta l  and auxi l ia ry  computational  uncertainty,  these values a r e  in exce l len t  agreement .  If the a foresa id  effect  
of delayed laminar  flow conditions is a lso taken into account,  it is not difficult  to come to the conclusion that q ,  is 
un iversa l  for tubes of var ious  c ro s s  sect ions.  

R .  / R ,  ~ experiment 

] ] ]0, theory 

Tube of 
c~cular 
section 

Plane 
channel 

4/a 
ISl 
a/a 

Tube of 
square 
section 

0.95 
t s ] 

0.M 

Tube of annular section 

k~0 . i86  k~0,5 i~  k=0.63i  

0 .952 i . 2 8  t . 2 6  
WI I:iI I::l 
i . 00  i . 23  t . 2 6  

Let us de te rmine  q ,  with the aid of the most  re l i ab le  data se lec ted  f rom numerous exper iments  p e r f o r m e d  with 
tubes of c i r c u l a r  c ro s s  sect ion [6, 7]: 

q, = R ,o  / 1o ~ 2100 : a /2 ] f3 - ,~  808.3 (2.7) 

The accuracy  of the value obtained for q ,  depends on the exper imenta l  uncer ta inty  involved in the measu remen t  
of R~ 

By the same token, we get for R ,  = q , f  a value of 2800 for a plane channel (which is in excel lent  ag reemen t  with 
the experiment)  and a value of roughly 1700 for  a tube of square  c ro s s  sect ion (which is by 15% less  than the expe r i -  
mental  value).  

3. Let us examine the points (lines) of maximum instabil i ty computed for tubes of var ious  c ross  sect ions ,  and 
compare  them with avai lable data. 

a) According to (2.1), the maximum of q, i. e . ,  the c i r c u m f e r e n c e  of max imum instabil i ty,  is c h a r a c t e r i z e d  by 
= 1/d'3 ~ 0.57735. 

Exper iments  conducted at values of R c lose  to R ~ revea l  that weakest  attenuation of the introduced dis turbances  , 
occurs  in the region 0.4 < ~ <0.6 [3] and the maximum stabi l i ty  of the a r i s ing  fluctuations is observed  at [ ~ 0.6 [4]. 
This conf i rms  the theore t i ca l  r e su l t s .  

Under turbulent  conditions, the region of max imum instabil i ty of l aminar  flow should be cha r ac t e r i z ed  by a 
maximum turbulence leve l  and hence by maximum turbulent v iscosi ty .  In fact,  the maximum turbulent  v i scos i ty  was 
de te rmined  exper imenta l ly  for  ~ ~ 0.6 [14]. 

b) According to (2.2), the planes of maximum instabil i ty in a plane channel a re  cha r ac t e r i z ed  by ~7 = • I/2 4"3. 
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T h u s ,  in  a p l a n e  c h a n n e l  and  in a tube  of c i r c u l a r  c r o s s  s e c t i o n ,  the  m a x i m u m  v a l u e  of q o c c u r s  a t  l i ke  v a l u e s  of 
the  r e l a t i v e  o r d i n a t e  21~l and  the  r a d i u s - v e c t o r  ~. T h i s  r e s u l t  c an  be  d e d u c e d  a l s o  f r o m  i n d e p e n d e n t  t h e o r e t i c a l  
c o n s i d e r a t i o n s  [15]. 

c) In a tube  of s q u a r e  c r o s s  s e c t i o n ,  the  po in t s  of m a x i m u m  i n s t a b i l i t y  l i e  on t he  s y m m e t r y  a x e s  t h a t  a r e  p a r a l l e l  
to  the  s i d e s  of the  s q u a r e ,  

= 0, ~1 ~ ~ 0.625, ~ ~ _~ 0.625, ~1 = 0 

The  p o s i t i o n  of t h e s e  p o i n t s  c an  be  r e a d i l y  i n t e r p r e t e d  in the  p h y s i c a l  s e n s e  by  c o m p a r i n g  a s q u a r e  wi th  t h e  c i r c l e  
i n s c r i b e d  in  i t  ( p a r a g r a p h  a).  

d) In a tube  of a n n u l a r  c r o s s  s e c t i o n ,  q h a s  two m a x i m a ,  the  l a r g e r  (ma in )  one  of which  is  c h a r a c t e r i z e d  by  the  
s m a l l e r  4 l, a n d  the  m i n o r  m a x i m u m  by the  l a r g e  r o o t  4 2 of Eq.  (2.6) (F ig .  2). 

I n a s m u c h  as  the  p r o b a b i l i t y  of f low t u r b u l i z a t i o n  i n c r e a s e s  d r a s t i c a l l y  wi th  the  f o r m a t i o n  of t he  s e c o n d  of the  
i n s t a b i l i t y  z o n e s  ~ ~ 4 l, • ~ 4 2, in  p r a c t i c e ,  the  o n s e t  of t u r b u l e n c e  m a y  b e  e x p e c t e d  to o c c u r  a t  R e y n o l d s  n u m b e r s  
t h a t  s a t i s f y  t h e  i n e q u a l i t y  R .  = R 1 < R  ~< R 2, w h e r e  R i ( a n d f i  = R i / q , )  c o r r e s p o n d  to • i in  a c c o r d a n c e  wi th  (2.4) f o r  
q = q .  (F ig .  1). The  p r o b a b i l i t y  of R b e i n g  c l o s e  to R 2 g r o w s  when  k a p p r o a c h e s  un i ty  ( i . e . ,  w h e n  the  s y m m e t r y  of the  
f low d i m i n i s h e s ) .  

In the  l i m i t i n g  c a s e  of a s m a l l  c u r v a t u r e  of the  wa l l s  1 - k - (~ << 1, we a p p r o a c h  the  r e s u l t s  f o r  a p l a n e  c h a n n e l  

R,,: ~ 2q, ( V3-T  1]6 a) (3 .1 )  

In  the  o p p o s i t e  l i m i t i n g  c a s e  of k ~ 0 ( c i r c u l a r  tube  wi th  a t h i n  c o a x i a l  c e n t r a l  c o r e ) ,  R ,  d e c r e a s e s  i n d e f i n i t e l y ,  
wh i l e  the  c i r c u m f e r e n c e  of m a x i m u m  i n s t a b i l i t y  n a r r o w s  r a p i d l y  t o w a r d  the  c e n t e r ,  

~ 0 ~_~ (21n k)-i --* 0, xi~ek--~O, ~i /x0->  0, R~.~2eq, kln2kc~O (3.2) 

F o r  the  s e c o n d a r y  l o c a l  i n s t a b i l i t y  m a x i m u m  we ob ta in  a t  the  l i m i t  the  s a m e  r e s u l t s  a s  f o r  a c i r c u l a r  c r o s s  
s e c t i o n ,  

i( 6-In   , ( o 

The  i n i t i a t i o n  of t u r b u l i z a t i o n  a t  R ~ R 2 ~ R~ h o w e v e r ,  is  now un l ike ly .  

Wi th  i n c r e a s i n g  k, the  q u a n t i t i e s  40 ,  4 1, a n d  R ,  (0 < R ,  < 4/3R~ i n c r e a s e  m o n o t o n i c a l l y ,  wh i l e  4 2 d e c r e a s e s ;  
R 2 (R~ R z ~< 2 9 6 2 ) p o s s e s s e s  a w e a k  m a x i m u m  a t  k ~ 0.30 ( F i g s .  1, 2). S p e c i f i c a l l y ,  R ,  = R~ fo r  k ~  0:18531,  and  
R2 ~ 4/3(R~ for  k -- 0.03323. 

Fig'are 1 shows also the experimentally detei:mined values of R at which turbulization begins. Points i, 2, 3, and 
4 correspond to data in [10-13]. The agreement of (2.4) and (2.5) with experiment may be considered completely 
satisfactory, if we take into consideration the delaying of the laminar flow and the increasing effect of structural 
fabrication errors on the true R, as the annular slit is constricted. 

4. Let us examine the problem of the influence of wall roughness on the turbulizatlon of the flow and the 

resistance coefficient k of the tube. 

It is  n a t u r a l  to  a s s u m e  t h a t ,  s t a r t i n g  wi th  the  va lue  of R fo r  w h i c h  the  d i s t r i b u t e d  r o u g h n e s s  A = s6  p e n e t r a t e s  
in to  the  i n s t a b i l i t y  r e g i o n  q > q ,  

<u> (4.1) 
B' = q, sup8 {u I V~ u t} 

roughness produces an appreciable change in the nature of the function k (R) toward increasing or more intensely 
increasing values. Here, the subscript (5 corresponds to the locus of points separated by the interval 6 along the inner 
normal n (rendered nondimensional in the like manner as the coordinates) from the points on contour F ~  (contour Y 
of cross section F corresponds to the interval A). By the same token, the subscript 0 refers to contour F ~ .  
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S i n c e  t he  r e l a t i v e  r o u g h n e s s  6 i s  u s u a l l y  v e r y  s m a l l ,  (4.1) m a y  be  w r i t t e n  in t he  f o r m  

~-~- <u> _,[{Ou\~l 
~up l t.~),,.r (4.2) 

o r  

R A (4.3) 

S p e c i f i c a l l y ,  fo r  a tube  of c i r c u l a r  c r o s s  s e c t i o n  

q, q, R ,  ~ 
n'-6(~-6)(2-6) - 28 --38 g~- 

404.2 c.  
6 ' R a ~ ~r- ~ 202. I (4.4) 

F i g u r e  3 shows  N i k u r a d z e ' s  e x p e r i m e n t a l l  (R) c u r v e s  f o r  r o u g h  t u b e s  of c i r c u l a r  c r o s s  s e c t i o n  [5]. P o i n t s  wi th  
R = R '  a r e  i n d i c a t e d  on the  c u r v e s .  The  i n c r e a s e  in k, w h i c h  c o n t i n u e s  un t i l  t h e  s i m i l a r i t y  r e g i o n  is  r e a c h e d ,  b e g i n s  
a t  t h e s e  p o i n t s .  

tgx 

-~z~ i ~ 1 1 - - - - ~ - ~  

-7.e : ! zs~'~ 

"~'83 q 5 : g R 6 

Fig .  3 

Th i s  i n d i c a t e s  t h a t  fo r  R .  < R < R ' ,  t u r b u l e n t  p u l s a t i o n s  in a r o u g h  tube  e x h i b i t  a t e n d e n c y  t o w a r d  a t t e n u a t i o n  
A t t e n u a t i o n ,  h o w e v e r ,  b e c o m e s  i m p o s s i b l e  a s  soon  as  c o n s t a n t  d i s t u r b a n c e  s o u r c e s  b e g i n  to  p e n e t r a t e  in to  t he  r e g i o n  
q > q . .  

The  " p e r m i s s i b l e "  h e i g h t  of d i s t r i b u t e d  r o u g h n e s s  was  d e t e r m i n e d  e x p e r i m e n t a l l y  f o r  a tube  of a n n u l a r  c r o s s  
s e c t i o n  [16, 1]. A m e a n  va lue  of R A ~ 120, and  a v a l u e  of RA ~- 130 to 140 f o r  r e a l  n e g a t i v e  p r e s s u r e  g r a d i e n t s  w e r e  
o b t a i n e d .  

r i n g ,  
F o r  a p l a n e  c h a n n e l ,  w h o s e  h y d r a u l i c s  is  a p p r o x i m a t e d  by  a tube  w i th  a c r o s s  s e c t i o n  in the  f o r m  of  a n a r r o w  
it  fo l lows  f r o m  (4.2) a n d  (4.3) t h a t  

q,  269.4 ~_ 
R ' ~  35 ~ 6 ' R a ~  ~ 134.7 (4.5) 

i. e . ,  t h e r e  i s  good a g r e e m e n t  wi th  the  e x p e r i m e n t  [16]. 

5. A c e r t a i n  a n a l o g y  s h o u l d  be  m e n t i o n e d  w h i c h  e x i s t s  b e t w e e n  the  s t a b i l i t y  c r i t e r i o n  q _< q ,  f o r  l a m i n a r  t ube  
f low and  the  R a y l e i g h  s t a b i l i t y  c r i t e r i o n  f o r  Coue t t e  f low b e t w e e n  r o t a t i n g  c y l i n d e r s  [17]. T h i s  c r i t e r i o n  r e s u l t s  a l s o  
f r o m  a l o c a l  f low e n e r g y  a n a l y s i s .  A c c o r d i n g  to the  R a y l e i g h  c r i t e r i o n ,  the  f low is  s t a b l e  w h e n  the  s q u a r e  of v e l o c i t y  
c i r c u l a t i o n  does  not  d e c r e a s e  a n y w h e r e  as  the  r a d i u s  v e c t o r  i n c r e a s e s ,  

d_~ (vr) ~ >~ 0 (5.1) 
dr 

and  v i ce  v e r s a .  C o n d i t i o n  (5.1) m a y  b e  w r i t t e n  in the  f o r m  

pv (--  dv / dr) 
pv~ / r ~ l (5.2) 

The  d e n o m i n a t o r  of (5.2) is  the  va lue  of the  p r e s s u r e  g r a d i e n t ,  a n d  the  n u m e r a t o r  i s  the  va lue  of the  k i n e t i c  
e n e r g y  d e n s i t y  of  the  f lu id ,  a c c u r a t e  to  w i t h i n  the  m i n u s  s ign .  
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For  dv /d r  > 0, (5.2) is fulf i l led automat ical ly ,  as dis t inct  f rom the opposite case ,  where  - d v / d r  = IVvl. 

Of the same sense  and physical  meaning is the inequality 

i pv vx~jv 1 
~-q~ ~ <--~-q. (5.3) 

which we have taken as the s tabi l i ty  c r i t e r i o n  for l aminar  tube flow. Here ,  q ,  is a ce r t a in  constant exp re s sed  by a 
natural  analog of condition (5.2). 
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